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A Proof of Proposition 1

Guess that the value function V; = 6;n;,we have differential value functions V] = ns, Vj = 6,,
"

and V!, = 1.By plugging them in Eq. (21), the HJBI equation, we get

0
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Volatility Terms o , of, and ¢/ are greater than 0. Meanwhile, z; > 0. As a result,

0% + x,(0 + o) > 0, which means that the value of h; is to be —A. Thus, we have

-0
pdt = sup !

d¢t>0,2:>0 t

d¢ + (18 — Ac?)dt + r(1 — z,)dt
(A.3)

a—t
+a:t{ . t+[CD(Lt)—(5+ht0—|—u?+003]+af(a+af)}dt.
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0; should meet two conditions. The first condition is that ¢, > 1. Especially, the marginal
utilities of wealth equals that of consumption when 6, = 1. In that case, d(; > 0. The second
condition is that E[e ”'0;n;] — 0, namely the Non-Ponzi condition. Holding d(; = 0 and

x, = 0,the representative expert’s marginal utility of wealth 6,’s drift term p! satisfies
0 _ 0
py = p+Ac/ —r. (A.4)

By taking derivatives of both sides of Eq. (A.4) with respect to risk asset ratio z; , we know

that 0,’s volatility term o satisfies

0

. __%+<I>(Lt)—5—Aa+utq—Aaf+aaf—r
= .

o+ of

(A.5)

Therefore, if experts hold capital (z; > 0), 0! equals the Sharp ratio of holding capital:

o — Lt
qt

+ ®(1) =0 — Ao+ pl — Ao? + o0l —r = —o¥(0 + o). (A.6)

If experts hold no capital (z; = 0), o? is smaller than the Sharp ratio:

o — Ut

+®(1) =0 — Ao+ pl — Aol + ool —r < —o?(0 + o). (A.7)
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In summary, the marginal utility of wealth #; should meet the following condition:

o — Ut

qt

+®(1y) =0 — Ao+ pl — Aol + o0l —r < ol (o + o). (A.8)

In Eq. (A.8), the equality holds when z; > 0.

The following demonstrates the rationality of guessing that V; = 6;n,.

Under the measure P, an expert would choose its optimal consumption ratio d(; and risk
asset share x; in the worst case. It is assumed that the representative expert’s value function:

On, =  sup inf E, {/ e_p(s_t)dcs} , (A.9)
t

d¢>0,2,>0 he€[—A,A]

subject to the Eq. (17) and (19). The process e **6;n, + fot e Pdey is a martingale under the

optimal choice and the worst case. Using [t0’s lemma, we conclude that the expert problem



satisfies the following Hamilton—Jacobi-Bellman-Isaac equations:
Oyndt = su inf  E|de] + Eld(60;n
PO dgtzo,gtzohtE[—A,A] [dcy] [d(6n4)]

= sup inf ntdQ + (,LL? — htaf)ﬁtdt
d(:>0,2:>0 hte[fAvA] (A 10)

+ 2y (a — b + ®(14) — 6 — hyo + pf — hyof + 003) n.0,dt
4

+ (r(1 — x;) — d¢/dt)n,b,dt + nbyzio? (o + of)dt .

Next, prove that the following equation holds
Qtnt = ]Et |:/ e_p(s_t)dC5:| . (All)
t
Consider the process:
t
M, = e "O,n, + / e Pdc;. (A.12)
0
By differentiating M; with respect to t, and applying [t6’s lemma, we have

¢
dM; = d(e " 9,n;) + d (/ e_psdcs)
0

= —pe P Omydt + e Ptd(0ny) + e Ptdey (A.13)

= e P(—pln,dt + d(O;ny) + dey).

If pOyn; = dey + Eld(6yn;)] holds, then E[dM;] = 0, so M; is a martingale under the optimal

strategy ((, x;) and the worst case h;. Therefore,
Oong = My = E[M;] = Ele ""0;n,] + E {/t e_psdcs} : (A.14)
0
Taking the limit ¢ — oo and using the transversality condition E[e~*'6;n;] — 0, we have
Oong = E {/OO e_psdcs} . (A.15)
0

Similar to the calculation of 0, we can ascertain that this equation is valid at any time ¢.
In contrast, according to equation (A.11) for the optimal strategy and the worst case, we

have
e Pon, =&, [/ epsdcs] ) (A.16)
t
Add fot e P3dcy to both sides of this equation, then,

t [e%¢) t
e P On, +/ e "de, = E, [/ e deg +/ e‘psdcs} . (A.17)
0 t 0
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So, we have
t [e%s}
M, = e "0, +/ e Pdey = K [/ e_psdcs] , (A.18)
0 0

then M, is a martingale. Therefore, the drift of M; must be zero, and so pfyn; = de; +E[d(0;n;)]
holds under the optimal strategy and the worst case.

Next, we will demonstrate that the strategy {x,d(;} is optimal if and only if the Bellman
equation (A.10) holds. Under any alternative strategy {z, d(;}, define the following process:

t
M, = e "0, + / e Pdc,. (A.19)
0

Fix the process h* for the worst case. By Itd’s lemma under the probability measure PP,

eptht = ng,d(',h)dt — petntdt + (1 - et)ntdQ (AQO)

< G qt — plngdt + (1 — 6,)ndC, < 0,

where

ng’dc’h) = (,uf — htaf)é’t + 7”(]. — th)ntgt + ntetxtate(a + 0-7?)
(A.21)

+ 2y (a oy D(1) — 0 — hyo + pui — hyof + aaf) n40,
4t

the HJBI equation (A.10) holds, then M, is a supermartingale under an arbitrary alternative
strategy, this implies that

My > E[Mp,]. (A.22)
For any finite time ¢ > 0, taking limit as ¢ — oo, we have

My > E[M.]> inf E[M]. (A.23)
he[—AA]

Taking supremum for (x,d(;) and using (A.19), we obtain

Oong = My > sup E[M,] > sup inf E[M,]. (A.24)
d¢>0,z>0 d¢>0,2>0 he[—A,A]

Fixing (z*,d(/) and consider any process (h;) , we use Itd’s lemma to derive

e’ dM, = G dt — pOynydt + (1 — 6,)n,d¢,

R (A.25)
= ng AV dt — phonydt + (1 —0;)nd¢; > 0.
Note that G§I*7dg*’h*) — pOny; = 0. Thus M, is a submartingale. This implies that
Mo < E[My]. (A.26)
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For any finite time ¢, taking limit as t — oo, we have
n090 S MO S E [MT] .

Taking infimum for A and using (A.19), we obtain

Oong = My < inf E[M,] < sup inf E[M,].

he[-A,A] d¢>0,2>0 h€[—A,A]

Thus, we deduce that

Oong = My = sup inf E[M,].
d¢>0,2>0 he[—A,A]

B Proof of Proposition 2

Using [t6’s lemma, ¢ = q(n;) can be transformed into

1
dgr = | ()i + 54" () (o) (ne)? | dt + ¢ () o md W,

2

Consequently,
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Combine Eq. (31) with Eq. (B.3), we have
n ¢t/nt —1

Oy

g

1 (Ve = n0)q () /a(ne)

q,(ﬁt)
ol = ol
t q(nt) Up t

Similarly, we have
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(A.27)

(A.28)

(A.29)

(B.2)

(B.3)

(B.7)

If the wealth share held by experts falls to 0 (n = 0), experts would have to liquidate their

capital. In that case, the capital price would be the liquidation price ¢ , i.e.,

q(0) = gq.



At this point, the utility of each expert is infinite, i.e.,

lim 6(n;) = +oo. (B.9)

nt—0

Define n* as the critical wealth share at which experts choose to consume, i.e.,

o(n") = 1. (B.10)

Meanwhile, g(n;) and 6(n;) satisfy the smooth contact condition when n =n* | i.e.,
q(n") =0, (B.11)
0'(n*) = 0. (B.12)

C Proof of Proposition 3

T, (n) denotes the expected time it takes to reach a point g starting from n > ny. To reach

no from n*; one has to reach n € (1o, n*) first and then reach ny from n.Therefore,

7(n) = 7(1m0) — Ty (n). (C.1)

Since t + T,,,(n) is a martingale, T, (n) shall satisfy the ordinary differential equation

1
L+ /T (n) + 5(0'?77)2% (n) = 0. (C.2)

As 7/(n) = T}, () and 7"(n) = ~T2 (1), 7(n) meets

70

Ll (n) + 5 (o) (n) = 0. (C3)

with boundary value conditions 7(n*) = 0 and 7'(n*) = 0.

D Algorithms for Numerical Solution

Assuming that we know 71, ¢(n), ¢'(n), 0(n), ¢'(n) and have a guess of ¥(n), the goal of the
algebra is to compute ¢”(n) and ”(n), and check whether the guess of 1)(n) was correct or not.
The algorithm is summarized as follows.

Algorithm 1. Start with 1, ¢(n), ¢'(n), 0(n), &'(n). Search for an appropriate value of
Y € {n,min[1, ¢(n)/q'(n) + n]} via the following procedure.
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(i) Set 1, =n and ¢y = min|l, q(n)/¢ (n) +n]. Guess that ¥ = (Y, + ¢¥g)/2.

(ii) Calculate of, o/, 0¥ and uf from Eq. (42) to Eq. (47).

(iii) If Eq. (24) is satisfied, adjust the guess of ¢ by setting ¥y = . Otherwise, adjust the
guess of ¥ by setting ¢, = .

(iv) Repeat the step (ii) and (iii) for 30 times.

After step (iv), we can find an appropriate value of ¥. Based on this value, we execute Eq.
Eq. (42) to Eq. (47) to get ¢"(n) and 0" (n).

In Algorithm 1, the numerical computation of the functions ¢(n), 8(n) and 1 (n) poses several
challenges. The first one relates to the singularity at n = 0. Secondly, we need to determine
the endogenous endpoint n* and match the boundary conditions at both 0 and n*. Fortunately,
it is helpful to observe that, given function 6(n) solves the equations of Proposition 2, function
£0(n) solves Proposition 2 for any constant & > 0. Therefore, it is feasible to adjust the level
of #(n) ex post to match the boundary condition.

Algorithm 2 performs an appropriate search and effectively addresses the singularity issue
by solving the system of equations with the boundary condition #(0) = M, for a large constant
M, instead of Eq. (38).

Algorithm 2. Set

0(0) = 1 and #'(0) = —10". (D.1)

q(0) = ¢ = max = ah

w7 = [®) -4 Ad]
Perform the following procedure to find an appropriate boundary condition ¢’(0).

(i) Set qr, = 0 and gz = 10'°. Guess that ¢'(0) = (qr. + qm)/2.

(ii) Use ode45' to solve for g(n) and 6(n) on the interval [0,7*] until one of the following
events happens:(a) ¢(n) reaches the upper bound max,, #ﬁ_&f] ; (b) 0'(n) reaches 0; (c)
q'(n) reaches 0.

(iii) If step (ii) is terminated for reason (c), increase the guess of ¢’(0) by setting q;, = ¢/(0).
Otherwise, decrease the guess of ¢/(0) by setting gy = ¢'(0).

(iv) Repeat the step (ii) and (iii) until convergence.

If the initial value of gy is sufficiently large, ¢'(n) and ¢'(n) should eventually reach 0 at
the same point, which we denote by n*. Divide the entire function 6(n) by 6(n*), then, the

boundary condition 6(n*) = 1 is met.

'An ODE solver in MATLAB.
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